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The Clifford group is the set of gates generated by CZ gates and the two local gates P =
(
1 0
0 i
)
andH = 1√
2
(
1 1
1 −1
)
. It is known that, for a two qubit system, the Clifford group C2 is a subgroup of
order 92160 of the group of 4 by 4 unitary matrices. It is also known that the local Clifford gates LC2
is a subgroup of order 4608 of the group C2. In order to better understand the set C2, we make two ma-
trices U1 and U2 in C2 equivalent if U1 = V U2 for some V ∈ LC2. We show that this equivalence rela-
tion splits C2 into 20 orbits, O1, . . . , O20, each with 4608 elements. Moreover, for each orbit Oi, CZOi
intersects 9 different orbits Oi1, . . . , Oi9 where Oij 6= Oi and with CZOi ∩ Oij containing 512 ma-
trices for each j = 1, 2, . . . , 9. The link https://www.youtube.com/watch?v=lcYtB2tnXFw&t=685s
leads you to a YouTube video that explains the most important results in this paper.
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I. INTRODUCTION
The Clifford group C1 is the subgroup of 2 by 2 unitary
matrices generated by the Hadamard gateH and the gate
P . A direct computation shows that this group has 192
matrices. We also have that the group
LC2 = {A⊗B : A,B ∈ C1}
is a subgroup of the 4 by 4 unitary matrices with 4608
elements. The CZ gate acting on a two qubit system is
defined by the matrix
CZ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 .
The Clifford group C2 is the subgroup of 4 by 4 matrices
generated by LC2 and the CZ matrix. A direct verifica-
tion shows that the matrices (I2 ⊗ H)CZ(I2 ⊗ H) and
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(H ⊗ I2)CZ(H ⊗ I2), where I2 is the 2 by 2 identity ma-
trix, represent the two CNOT gates. For this reason, in
order to generate C2 we can replace the CZ matrix with
any of the two CNOT gates. It is known that the group
C2 has 92160 matrices, see [1].
It is not difficult to show that the relation: “U1 ∼ U2
if U1 = V U2, for some matrix V ∈ LC2”, defines an
equivalence relation in C2. In this paper we describe the
quotient space of this equivalence relation and we use it
to study how the the CZ gate acts on the group C2. We
prove that any matrix in C2 can be prepared using local
gates in LC2 and at most 3 CZ gates. We point out that
it is known that any gate acting on a 2-qubit system can
be prepared using local gates and at most 3 CZ gates,
see [2] or [4] for example. From the previous observations
on gates acting on 2-qubit systems, we can say that one
of our contributions in this paper is that, if the gate is
Clifford, then the local gates can be chosen to be Clifford
as well. For an n-qubit system with n > 2 the problem
of finding the minimum amount k of CZ gates such that
any gate can be prepared using local gates and at most
k CZ gates is an open problem. For the case of 3-qubit
systems it is known that any gate can be prepared with
local gates and at most 20 CZ gates. The 20 CZ gates
may not be the optimal number, this unknown number
must be greater than 13. See Iten, Colbeck et al. [5].
II. MAIN RESULTS
This section shows the main theorem.
Theorem II.1. The equivalence relation “U1 ∼ U2 if
U1 = V U2, for some matrix V ∈ LC2”, splits the group
C2 into 20 orbits, or equivalence classes, each one of size
4608. If we call O1 the orbit that contains the identity
matrix, then the set CZ O1 = {CZ U : U ∈ O1} in-
tersects 9 new orbits that we call O2, . . . , O10. More-
over, the union of the orbits CZOi with i = 1, . . . , 10
intersect the orbits O1, . . . O10 and also 9 new orbits
2that we call O11, . . . , O19. Finally each orbit CZOi with
i = 11, . . . , 19 intersects a new orbit that we call O20. We
also have that for each pair of orbits Oi and Oj we have
that either CZOi∩Oj is the empty set or CZOi∩Oj has
512 matrices. The action of the gate CZ on each of the
20 orbits is shown in the Figure at the end of this paper.
In particular we have that for every i, CZOi intersect
exactly 9 orbits. See Figure at the beginning of the paper.
We also have that every gate in C2 can be prepared with
local Clifford gates and at most 3 CZ gates.
Proof. This theorem follows directly from computing all
92, 160 gates in C2. The 4, 608 elements of LC2 are cho-
sen to be the first orbit, O1, notice that LC2 contains the
4× 4 identity matrix. These elements are related to each
other via the equivalence relation above. This orbit can
be visualized as the first layer of C2. Applying the CZ
gate to O1 gives a preliminary set of elements, CZO1.
None of the elements of CZO1 reside in O1 so they must
belong to new orbits. An element from CZO1 is cho-
sen at random and the orbit it belongs to is arbitrarily
named O2. LC2 is then applied to this element to form
the rest of the orbit. Elements that are in both CZO1
and O2 are removed from CZO1 and the process is re-
peated by redefining CZO1 to be the set CZO1 \O2. A
new random element is chosen from the redefined CZO1
and LC2 is applied to it to form O3. The elements of
O3 are removed from CZO1 and the process is again
repeated until the modified CZO1 set is empty. This re-
sults in the orbits 4-10. Orbits 2-10 can be visualized
as the second layer of C2. To obtain the third layer of
C2, another CZ gate must be applied. It is first applied
to O2 to form a new preliminary set, CZO2. A similar
process is used to obtain the orbits of the third layer. El-
ements that reside in previous orbits, 1-10, are removed
from CZO2 and a random element is chosen from the
remaining elements. LC2 is applied to this random ele-
ment to form O11. This process is repeated, each time
removing elements from CZO2 which belong to previ-
ously named orbits until CZO2 is empty. Next, a CZ
gate is applied to O3 to form another set of preliminary
elements, CZO3, and the process is repeated. A CZ gate
is applied to orbits 4-10 in a similar manner. This results
in nine new orbits, 11-19. The fourth and final layer of C2
contains only one orbit. To obtain this orbit the CZ gate
is applied to any of the orbits 11-19 to form a new prelim-
inary set of elements. Elements that reside in previous
orbits are removed from this set and a random element
is chosen from the remaining elements. LC2 is applied to
this element to form O20, the last orbit. If the CZ gate
is then applied to any orbit to form a preliminary set
and the elements from orbits 1-20 are removed, it will
result in the empty set. All 92,160 elements of C2 re-
side in the orbits 1-20. Taking the intersection of CZOi
and Oj with i,j=1-20 results in twenty intersections for
each choice of i. Nine of these intersections contain 512
elements and eleven intersections contain zero elements.
We know that elements within each orbit are related to
each other through the application of a local gate in LC2,
by the defined equivalence relation. We also know that
certain orbits are related to each other through the appli-
cation of the CZ gate, as showcased by the intersections
of CZOi and Oj . Starting with any gate in C2, the ap-
plication of local gates and no more than three CZ gates
are required to obtain any other gate in C2. Therefore,
any gate in C2 can be prepared using local gates and at
most three CZ gates.
The following diagram shows the connectivity with Con-
trolled NOT gates between the orbits:
O1
O2 O3 O4 O5 O6 O7 O8 O9 O10
O11 O12 O13 O14 O15 O16 O17 O18 O19
O20
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